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1. Introduction 

Concurrency  among  computat ions  which communica te  with each other  presents some of  
the most exciting challenges in the study of  computat ion.  Not  only  is it of  great practical 
relevance, but  it also appears to demand  a theory of  its own, which at present exists only  
tentatively. One  aspect o f  this theory must  be quanti tat ive;  the quest ion of  which tasks can 
usefully employ more than one processor, and  which tasks by contrast  are inherent ly  
sequential,  is at present under  active study. Another  (perhaps the other) aspect is qualitative; 
what  conceptual  framework is needed to unders tand  and  discuss the behavior  of  concurrent  
computat ions? Al though these two aspects should presumably  interact, it appears to be 
sound methodology to separate them initially. There is evidence for the soundness of  this 
separat ion in what has been done so far for sequential  computat ion;  the techmques of  
computa t ional  complexity and  the quant i ta t ive analysis of  algorithms are rather indepen-  
dent  from those of  the semantics and  design of  algorithmic languages and  the verification 
of  programs. 

This  paper  deals with the quali tative aspect. We at tempt to provide a part of  the 
necessary conceptual  framework by attacking the question: Wha t  sort o f  mathemat ical  
object is aprocess? Our  approach can be out l ined by analogy with sequential  computat ion.  
A sequential  program undoubted ly  means  different things to different people. It can m e a n  
to one person a description of  a set o f  computa t ion  sequences or evaluations,  and  to 
another  it can mean  a mathemat ical  function.  Methods of  formal semantic  description of  
languages reflect these two viewpoints; for example,  the Vienna  PL/1 defini t ion [9] and  
the Algol 68 report [22] adopt  the first viewpoint,  and  the method of  Scott and  Strachey, 
exemplified by Mosses [14] and  T e n n en t  [21] among  others, adopts the second. Of  course 
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the two viewpoints are not incompatible, nor are they the only ones. But they are probably 
the main ones; a third viewpoint, the axiomatic approach of  Hoare [6] and others, while 
very important in its implications for verification, appears to us to be different in nature 
in that it presupposes or demands the existence of  a model of  its axioms (for example to 
demonstrate their consistency). 

But, to return to the important point in our analogy, there is little doubt that whatever 
formal description of a sequential language is adopted, the notion of  a mathematical 
function has pervasively informed its design. The fact that this notion is well understood 
must have contributed to the success of  sequential programming languages; by contrast, 
other notions which were imperfectly understood--consider scope, sharing, assignment, 
own variable, type, and many others--have clearly contributed to their shortcomings. 
Often these notions have been named before the notion itself is exhibited! But this "back- 
to-front" way of proceeding is probably the only way of arriving at a notion which is 
useful as well as precise. 

Now constder the notion of process. It has certainly been named, but no real agreement 
exists on what is named. However, there now exist programming languages which employ 
processes--whatever they are- - in  a rather smooth and consistent style; examples are in 
Wirth [231 and Hoare [7]. These languages justify some optimism for the development of  
languages for concurrent programming, and for this reason it is all the more urgent to 
study mathematical concepts of  process which should inform the development. Also, the 
intricacy of the problem of  verifying concurrent programs--some positive contributions to 
this, such as Greif  [5] and Owicki [15], have already been made--suggests  that it is 
important to have a mathematical model in terms of which to justify the proof  techniques 
used. 

We try here to bring together the theory of continuous functions due to Scott [19], the 
extension of  his work to nondeterminism in the construction of powerdomains by Plotkin 
[17] and subsequently Smyth [201, and the work of Bekic [1] and Milner [12] on processes. 
The latter paper preceded the work on powerdomains; one of its defects was that it only 
achieved nondetermtmsm (which arises in concurrency as soon as the relative speed of  
concurrent processors is left unspecified) by means of oracles, which were admitted to be 
clumsy and mathematically intractable. Our present approach is to use a powerdomain to 
define both a notion of process and a mimmal  set of  operations for composing processes. 
Nondeterminism is naturally represented by the set of  "next possible moves" available to 
a process; the work on powerdomains provides a restricted power-set construction which 
preserves certain desirable properties of  domains--propert ies which allow its use in 
building recursively defined domains, of which our process domain is just one example. 

We thereafter propose a correspondingly mimmal  language-- the algebra of nets or 
f lowgraphs--in which to specify process composition. We hope that this language may be 
useful, dressed up in convenient syntax, as a subset of  future concurrency languages. It is 
interesting that both Wirth and Hoare, in the papers referenced above, explicitly adopt an 
approach m which two phases of  the work of  a program are kept rather separate: the phase 
m which a net or linkage of processes is set up, and the phase in which the net is activated. 
Our algebra of  nets represents the first phase; whether or not this factorization into two 
phases is ultimately adequate, it seems to be a valuable first step in establishing a theory. 

The work of  Goguen, Thatcher, Wagner, and Wrtght [4] on initial algebra semantics 
provides another important element of  our framework. They propose that syntax--any 
programming language--should be an initial algebra, in some category in which the other 
algebras are can&dates for the semantics (via a unique homomorphism from the syntax). 
Indeed, we show elsewhere [13] that our algebra of  nets is a free algebra in the category of  
flow algebras; the algebra of  processes introduced here is just one flow algebra. In fact it 
is also a continuous flow algebra-- that  is, it is closed under limits of  directed sets and the 
operations are cont inuous--and if we admit infinite nets or flowgraphs then the algebra of  
nets is also free in the category of  continuous flow algebras. The process algebra presented 
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here is not adequate for all purposes; for example, it appears not to be sufficiently refined 
to reflect the possibihty of  deadlock in a net of  processes, as we indicate in Section 5, 
though other flow algebras exist for the treatment of  deadlock. A detailed analysis of  other 
flow algebras remains to be done. As for the category of  flow algebras itself, we would not 
claim at this stage that it is the only- -or  the best--possible choice; its advantage is that it 
has a particularly simple algebraic theory, which is likely to be of  considerable help in 
further investigations. 

We will not attempt here to compare our process model with other models of  concurrent 
computation, but merely comment on its nature. First, we reject the idea of  a global 
environment, such as a memory shared by all processes in a system. Processes may be 
composed to form other processes, and any shared resource will enter into the composition 
as simply one more process. In principle the behavior (or intended behavior) of  a user 
sitting at a terminal can be expressed as another component process of  a system. 

Second, we take synchromzed communication as a primitive notion; a process is no 
more than the set of  its communication capabilities. Since we wish communication to be 
really primitive, we reject (for our model) the idea of  messages being queued on a 
communicaUon line; if a queue or buffer is needed, then it is another component process. 
We would not deny that a model in which communication lines are queues is likely to be 
useful at a higher level, particularly when the system as a whole is determinate (because 
the disciplined concurrency of  queue processing preserves determinacy); see Kahn and 
MacQueen [81 and Zave [241 for models of  this type. But queues do not directly model 
synchronization between computations, and it therefore seems at least worthwhile to study 
a more fundamental model in which synchromzation is primitive. 

(The present paper is a revision of  a research report [11] which bears the same title. In 
this revision we have ensured compatibility with the companion paper [13], and included 
a more careful intuitive description of  our model.) 

2. Notation and Definitions 

For the purpose o f  this paper, a domain D is an aJ-algebraic complete partial order (cpo). 
That is, there is a partial order _g over D such that (i) D has a minimum element ,ko, and 
(ii) each directed set X C_ D has a least upper bound (lub) LAX ~ D (these conditions 
make D a cpo). Moreover, there is a denumerable subset E ff D of  isolated elements such 
that for each x ~ D, (e E E; e =_ x} ts directed and has x as its lub. An element e is 
isolated (the word finite is also used) if for all directed X _C D, 

e ~ [_iX ~ e ~ x for some x ~ X. 

The importance of  this noUon of  domain is that it is preserved by several operations. 
First, the Cartesian product of  two domains is a domain. Second, for any denumerable 
indexing set L and any family {Dx; ~ E L} of  domains, the indexed sum S = ~xcLDx of the 
famdy is also a domain, where 

S = {(X, d); X ~ L, d E  Dx) U (.ks), 

in which s c s '  i f fs  = .ko or s = (~, d), s" ffi (X, d') ,  and d_~ d'. We shall write (~, d) 
E S as X:d for clarity in what follows. We shall be concerned only with sorts (defined in 
Section 3) as indexing sets. 

Third, for any pair D, E of  domains, the function domain D ~ E is the set of  continuous 
funcUons from D to E, ordered by 

f _= f '  ~ Vd E D. fd  ~ f ' d .  

A function f from D to E is continuous if, for every directed subset X of  D, t__/{f(x); 
x ~ X} is directed in E and equal tojffL__JX); see [19]. 

Finally, for any domain D there is a domain ~(D),  the powerdomain of  D, whose 
members are a certain subset of  the power set of  D and whose ordering will be discussed 
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later. The results of  this paper are based on a minor variant of  the powerdomain 
construction due to Smyth [20]; similar but not identical results may also be obtained using 
that of  Plotkin [17], which was the first powerdomain construction to be found. 

3. Processes 

We now introduce our domain P of  processes. We have already said that a process is to be 
a set of  communication capabilities, so our first task is to make the latter notion more 
precise. We assume first that a process has a collection of  ports through which it may 
communicate with other processes. Two familiar types of  communication are input and 
output. In the case of  input, a communication capability of  a process p E P indicates that 
p is able to acknowledge an input value v-- in domain V say--and then to transform itself 
into another process (dependent on v) which itself consists of  a new set of  capabilities; an 
input capability may therefore be represented by an element of  the domain V ~ P. An 
output capability of  p, on the other hand, indicates that p is ready to communicate an 
output value u - - in  domain U say--and to react to the acknowledgment of  the receipt of  
this value by transforming itself into another process; this kind of  capability may therefore 
be represented as an element of  U × P. 

We wish to treat both input and output capabilities, for technical convenience, as special 
cases of  a single kind of  capability. We therefore propose that a communication consists 
of  an exchange of values; a member of  U will be output, or sent, in exchange for a member 
of  V input, or received, and after the exchange a new process (dependent on the received 
value) will result. This more general kind of  capability is thus a member of  U x 
(V--> P). In the case of  an input capability we take U = 1, the domain with a single 
member (1 ffi {0}), while for an output capability we take V = I. In the former case we 
have the isomorphism 1 x (V  ~ P)  = V--~  P, and in the latter case U x (1 --> P) = U x 
P, so we have recovered our earlier proposal for the capability domains. In both cases the 
element 0 may be thought of  as an acknowledgment of, or a request for, a value. The case 
U = V ffi 1 represents a pure synchronization capability; also, the way in which we shall 
compose processes with one another will ensure that a communication can only take place 
when both parties have appropriate matching capabilities, so that synchronization is a part 
of  every communication. The general case in which U # 1 ~ V may have useful 
applications, but we have introduced value exchange mainly as a device to provide 
homogeneous treatment of  input, output, and pure synchronization, rather than as a 
conceptually necessary idea. 

When we return to the process ports mentioned above, it is clear that we may require 
different domains U, V for different ports; one port may be used for output of integer 
values, for example, and another for pure synchronization. We therefore introduce a set 
A of  labels (to be defined presently), and each port will be labeled by some member # 
A; we further assume a fixed assignment of  pairs of  domains U~, V~ to each label It. We 
also fred it convenient to group together, in one process domain PL, all processes whose 
port labels form a finite set L C A; we call such a set L a sort. 

Finally then, since we have no need to determine the number of  ports of  a process 
having a given label, we define the domain PL of processes of  sort L as a particular solution 
of  the isomorphism 

PL ~,~(~L(Upx (Vo"'~ eL))). (1) 

The existence of  solutions of  such isomorphisms (without using ~ )  is due to Scott; a major 
purpose in the work of  Plotkm and Smyth was to justify the use of  the powerdomain 
construction in such isomorphisms. 

The particular solution of  (1) that we choose is standard; it has the property that the 
function proc E PL ~ PL, defined as the least fixed point of  the functional • given by 

~(g)(p) de=r [It:(u, g of}; p:(u,f} ~ p], (2) 
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is the identity function over PL. To put it another way, 

p = L_lproc,(p), where proc, ffi ~'(_L). (3) 
l 

The set forming construction ~... ; ... ] in (2) requires careful interpretation; we shall return 
to this later, but for the present it may be safely interpreted as the usual {... ; ...}. (We use 
a semicolon here, rather than the more convenaonal  notation {..-I ...}, since we have 
another use for the vertical bar.) 

As a simple example of  a process, we show how to define a register r storing integer 
values, and having sort {&, ~}. (The significance of  labels such as ~t will be made clear 
shortly.) We may represent r by the following diagram: 

a ¥ 

and consider it to have two ports; it will accept integers "assigned" to ~t at the port labeled 
& and its contents may later be "fetched" from it at the port labeled ~, so that we have 

U~-- Vy--1 ,  V~= Uy= Z, 

where Z is the flat cpo of  integers {-l.z, O, 1, - 1, 2, - 2  .... }. In the "initial state" r is empty, 
so its only capability is to accept an integer assigned; thus 

r = {&:(O, Az.REGz)], 

where REG E Z ~ Pta.9) is given recursively by 

REGz = ~t : (0 ,  hz ' .REGz') ,  9:(z, K(REGz))].  

Here we use the standard combinator K -- Ax.Ay.x. Note that the process REGz represents 
a register whose contents is z. 

The significance of  the overbarred label & is that any process wishing to assign an integer 
to the register must use a port of  its own, labeled a, for this purpose. Thus, a complementary 
pair {a, &} of  labels is used to estabhsh a communication channel between processes. We 
can now define our set A of  labels precisely. 

Let A be a denumerable alphabet of  names. We shall use a, fl, y, ... to range over A. Let 
A, the alphabet of  conames, be disjoint from and in bijection with it; under this bijection 
a(~A) ~ &(CA). The set of  labels is A = A t3 A. a and & are complementary labels. We use 
A, #, p, ... to range over A (but will avoid A in the presence of  lambda-abstraction!). We 
define the sign of  a label by sign(a) = +, s:gn(&) = - ,  and the name of a label by name(a) 
= name(n) = a. ~ denotes the complement of  A, so that & ffi a. 

A finite subset L of  A is called a sort; we define E = {~,; A E L} and names(L) = 
(name(A); A ~ L}. 

We now turn to the operations by which processes may be expressed in terms of  other 
processes. There are three classes of  operations; the first we collectively call process 
composition, and it provides a precise understanding of  communication. 

(i) Process Composition. Let pl  E eL 1 and p2 E PL2, with L1 = {a, ~} and L2 = 
{a, fl, y}. They may be diagramed thus: 

Their composite, p~ IPz (to be defined) may then be diagramed as follows: 
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That is, pl and p2 are joined through their complementarily labeled pairs of  ports (just one 
pair in this case). The sort ofp~ IP~ is {a, ~, ~, ~,} = L1 u Le. 

The communication capabilities which constitute a process p Ip' wdl be expressed by the 
recursive definition of  the binary operations 

IL.M E eL X PM --') PLUM, 

and we shall frequently omit the subscripting sorts on these operations. Before giving the 
definition, let us look at a particular case in which p and p '  each have just two capabilities: 

p = ga:(u~,ffi),/3:(u2,3q)]}, p' = ~d:(v~, g~),/~:<v2, g2>l} 

Thenp  Ip' will have, first, four capabilities of  commumcation directly with its environment, 
at ports labeled a, fl, &, and/~ respectively. One of  these is c~:(u~, Av.(fivtp')>, since p 
would transform itself intofi  v--which we call a renewal of p - - o n  recewmg a value v in 
exchange for u~, the corresponding renewal of  the composite is a new composite ffi rip', 
indicating that the second component is unchanged. Simdarly, the first capabdity of p'  
gives a capability &:(vl, hu.(plgl u)) of the composite. But since p and p '  may communicate 
between their ports labeled a and &, their composite will also contain all members of  

v~lg~ u,; here the values u~ and vl have been exchanged and both components are renewed. 
It wall depend on the functions fi  and gl whether or not a fl-/~ communication (also 
possible between p and p ' )  will remain possible between the renewalsfivl and g~u~ after 
the a-& communication, and similarly on the functions # and g2 whether or not an a-& 
communication may follow the/3-/~ communication. Even if both possibilities exist, the 
capabilities arising after both communications have occurred may differ according to the 
order in which they occurred; we would only wish to say that p and p' could perform both 
communications "simultaneously" if the order made no difference. It may help the reader 
here to think o fp '  as a register REGz as we defined it earlier, and o fp  as a process willing 
both to assign a value top '  and to fetch a value from it, it is clear that the order does make 
a difference in this case. 

With this insight, we can now give our general defmmon of  IL, M 

PiP" = ~:(u, hv.(fvlp')); ~t:(u,f) E p~ 
U ~#:(u', hv'.(plf 'v')); #:(u',f') Ep '~  

O U ~(fu'lf'u); #: (u , f )  Ep,  # : (u ' , f ' )  Ep ' ] .  (4) 

Note that the effect of  the third clause is that the overt dialogue ofp  IP' with its environment 
is enriched by the possibility of  covert dialogue between the component processes. Our 
next class of  operations provides for the case in which certain ports are intended only for 
covert dialogue, and must be blocked from communicauon with the environment. 

(ii) Process Restriction. We wish to be able to restrict the capabilities of  a process p to 
certain of  its ports, or equivalently to eliminate, from p and all its renewals, all members 
of  certain summand domains. For any name a, we define the (postfixed) unary operation 

\LOt ~ eL ~ PL-{a.~d 

as follows (again omitting the sort subscript): 

p\a  = [/~:(u, Xv.(fv\a)); /~:(u,f) Ep ,  # (~ {a, &}]. 

Then forp~ andp2 as illustrated above, diagrams forp~\a and (p~ [p2)\y (wRh sorts (~} and 
{a,/~)) are: 
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G 

The omission of labels y and ~, in the second diagram signifies that the U-capabilities ofp~ 
can only be "met" by y-capabilities of p2, and conversely. 

A derived operation of composition followed by restriction is sufficiently important to 
deserve a name. First, let us define 

L . M  = ( L N M )  t.J ( IL 1"3 M).  

Then we can derive an operation ]]L.M E PL X PM ~ PLOM-LM as follows: 

pllp' = (p Ip')Na~... Nan, 

where L . M  = {a~, &~ .. . . .  a,, ~,}. But we shall continue to take the operations I and \ a  as 
primitive, first because (as will appear) they satisfy rather simple laws, and second because 
they allow forking of communication lines. For example, let p3 E PLy, L3 = {13, y, 8}; 

Y 

then a diagram of ((pllP~)lp3)\13\y = (p~ lp~) l lp3  is 

G 

The covert dialogue between the three processes allows p~ to communicate with either p2 
orpa through its port (which was) labeled ~. This composite process could not be built with 
I[ alone. 

It is easy to see that the above flowgraph or net (as we shall call these diagrams) also 
pictures (p~(p2[p3))\y\13, ((p2[p3)\13[p~)\y, and many other combinations, but not 
((pl Ip2)\y IP~)~\Y ffi (P~ lip2)lips, for example. The nets forget--within certain constraints-- 
the order of composition and restriction. 

(iii) Process Relabeling. Since the composition operation establishes the linkage which 
the port labeling dictates, some relabeling of ports may be required "before" composition. 
We will require this relabefing to be one-one, and to respect complements. To this end, let 
S:L ---* M be a bijection for which S(YO -- S(~) whenever ~, ~ E L; we call S a relabeling. 
We then def'me the (postfixed) unary operation [S]L E PL ---> PM by 

p[S] = [S(#):(u, )w.(fv[S])); # : (u , f )  E p] .  

We shall often write S:L ~ M as h~.. .~k/al. . .ak or hl/a~ . . . . .  hk/a~, which indicates that 
S(a,) ffi 2~, and S(&,) = X, for 1 <_ i _< k, and S(#) ffi I~for # ~ {al, &l . . . . .  ak, &k}. As an 
example, forp~ illustrated above we may diagram p~LS/y] as 
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As we mentioned earlier, the same diagram may stand for differently constructed processes; 
another example is that p l \y  and plLS/y]\fl will have the same diagram. 

Having now described our three classes of  operations over processes, we may point out 
that, as our diagrams suggest, all the operations have their syntactic analogues over nets. 
To ensure then that a net, however built by these operations, diagrams a unique process 
(once the processes at each node are determined), we need to describe the net operations 
more precisely, and then to show that all the laws which they satisfy are also satisfied by 
the corresponding process operations. We discuss this in a later section; the outcome is that 
nets under these operations--though we may indeed wish to add others--constitute a 
minimal programming language for processes, just as flowcharts of  various kinds constitute 
a programming language for serial algorithms. In fact we beheve it will turn out that our 
flowgraphs or nets are in some sense a generalization of  these kinds of  flowchart, but we 
shall not pursue this further here. 

4. Examples of Processes 

(1) Registers and Memories. Recall the register process r, of  sort {~, ~,}, defined in 
Section 3: 

r = [~:(0,  Az.REGz)], 
REGz = {6t:(0, Az'.REGz') , ~:(z, K( REGz))]. 

We shall use it to provide a more definite example of  process communication, which might 
arise if we used processes to define the semantics of  a concurrent programming language. 

First, recall the "{r' operation defined in Section 3. It can be shown that this operation 
may be defined directly by recursion (ihstead of  derived from composition and restriction) 
as follows. I f p  ~ PL and p' E PM then 

pllp' = [~:(u, Xv.(fvllP')); Ix:(u,f) E p, p E L - L.M~ 
U [~:(u' ,  X¢.(Pllf'v')); t~ : (u ' , f ' )  Ep' ,  t~ E M -  L.M~ 

0 k3 ~(fu'llf'u); /~:(u,f) E p ,  ~ : ( u ' , f ' )  E p ' ] .  

This differs from the definition of  " r '  only in the restriction (in the first two clauses) that 
# ad L.M; that is, labels used for internal communication are not to be used for external 
communication. 

Now suppose that a concurrent programming language contains the following simple 
and useless program: 

beg in  i n t ege r  x; 
x "= 1 p a r  x .ffi 2, 

output x; 

end  

where the infix par means that the operations of  both parts are to be arbitrarily interleaved. 
Clearly the program may output either 1 or 2. We want to model it by a process p of  sort 
{p}, where p is the label of  its output port; since its internal communications with the 
(local) program variable x are invisible from the outside we should obtain 

p = [o : ( l ,  K~) ,  0:(2, K~)] ,  

where the renewal O indicates that the program does nothing further after output. 
But we should be able to bui ldp from a register process r of  sort {&, ~,), and a process 

po of  sort {a, T, P} representing the body of  the program, using the combination 

p = (polr)\a\V = p011r. 
Now it is reasonable that, from the semantic definition of  our language, we should 

obtain 

p0 = {c~:(1, KpQ, a:(2, Kp2)], 

where 
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pl  = ~ a : ( 2 ,  K p 3 ) L  p2 = ~ a : ( l ,  g p 3 ) ]  

and (corresponding to the output statement) 

p3 = ~y:(0, ~v.{[p:(v, gf~)])]. 

Then, using the direct recursive definition of  the "[[" operation, we can compute 

p = poor = (piIIREGI) U (P211REG2), 

reflecting the two possible first communicatmns with the register; furthermore, 

p~ll REGI = P~ll REG2 
= ~p:(2, KfD)]I]REG2 
= ~p:(2, K ~ ) ] ,  

while a similar computation yields p2[[ REG2 = ~p:( l ,  K~5)]. We have therefore obtained 

p = {#:(1, KO),  0:(2, K ~ ) ] ,  

as expected. 
The composition operation also allows us to build a multicell memory. Suppose we 

require an n-cell memory, whose ah  cell is assigned at a port labeled &, and fetched at a 
port labeled ~,,. First, let R = {a, y}, so that R is the sort of  our register r; then let S, be the 
relabeling a,'y,/a 7, and let R, = S,(R) and r, = r[S,]:fi,. Then the n-cell memory m, of  sort 
M,,  where M ,  = UT-~ R,, is simply 

m .  = r, lr21 "" IrA. 

(Since registers cannot communicate with each other, this is in fact equivalent to r, [[ r2[] .-. 
lirA.) The order of  combination of  the r, Is immaterial,  since we later show that ] is 
associative and commutative. 

Now i f p  E PL is some process which wishes to use some or all of  the registers in r e , -  
that is, we expect that L N MA # O---then p[m,  is the process which results from hnkmg 
p with m,. p may well be composed of  separate processes which wish to "share" m,. Then 
i f p '  is some further process which needs to share m,  we can build 

(plm.) lp '  = (plp')lmA. 

On the other hand, if  we wish to dedicate m.  to p, or to p[p', we may build 

(p[mA)\M. or ((p[p')[mA)\MA, 

where \MA abbreviates \a1\71 ... \a~kyn. 
(2) Binary Semaphores. We suppose that processes using a semaphore, as defined by 

Dijkstra [3], will each have a port labeled ~r through which they will request the semaphore 
(the P operation), and a port  labeled ¢ through which they will release it (the V operation). 

A binary semaphore s E Ps, where S = {~r, ¢}, may be defined recursively by 

s = ~r:(O, Ks')], s '  = {~$:(0, Ks)p, 

where we assume that U, = V# = U, = V, = 1; that is, the communicatmns of  the 
semaphore are pure synchronizations, s is the "free" semaphore, and s' the "busy" 
semaphore. Analogous to the case for registers, if  we wish to devote the semaphore s to a 
set p~ -.. pA of  processes p~ E PL, where we expect in general that S _C L,, we build 

(p, l ... [p, ls)\S. 

(3) General Semaphores. A general semaphore may be represented by sere(z) E Ps, 
z > 0 initially, where S = {~r~, ~r2, ¢}, and where sere E Z ~ Ps is defined by 

sem(z) = ~rl:(O, K(sem'(z - 1))), _~:(0, K(sem(z + 1)))] if z > O, 
sere(O) = [~rl:(O, K(sem(-I) ) ) ,  $:(0,  K(sem(+l)))],  
sere(z) = [~rl:(O, K(sem(z - 1))), ¢:(0,  K(sem'(z + 1))) 1 if  z < O, 
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where 

sem'(z) = ~r2: (0, K(sem(z)))~. 

(Since only pure synchronizations are involved, we could have adopted some abbreviative 
device in order to avoid the repeated (0, K(...)). Note also that this definition by cases 
could be expressed formally as a single equation, using a condiuonal function and union.) 
This definition reflects Dljkstra's definition of  semaphores [3] in which a process q that 
performs a P operation (on the semaphore) decreases the value of  the semaphore by I. 

I f  the resulting value is nonnegative then q can complete a P operation, which it 
performs in two parts (on lines era and ~r2). I f  the resulting value is negative then q may 
only perform the first part (Try) of  the P operation, and may then be thought of  as on some 
sort of  waiting list. 

A process q' that performs a V operation on a semaphore increases the value of  that 
semaphore by 1. If  the resulting value is positive, then the operation has no further effect; 
if the resulting value is nonpositive, any one of  the processes booked on the waiting list is 
removed, and this process can then continue. 

We can see that any process which communicates with sem(z) and is awaiting a 
communication on its line labeled by ~r2 will be waiting for "enough" other processes to 
communicate with the semaphore on their dp communication lines. 

We must emphasize that our process model in no way solves the fair scheduling problem; 
it is possible that one process q may regain access to the semaphore infmitely often, while 
another process q' never even enters the waiting list. But in this definition, once q' has 
entered the waiting hst (with a ~ra), any ~ performed by q may not be followed by a ~r~ 
from q until q', or some other waiting process, has completed its P operation (with a ~r2). 

Suppose, m particular, we wish to use a semaphore to control the access of  a set 
{ql . . . . .  q,} of  processes to a resource process r. I f  we wish the maximum number of  
processes simultaneously accessing r to be m, where m _< n, then we build ((qlsem(m))\S) 
Ir where q = qll "" Iq-. 

Here we assume that each process q, performs its ~r~, ~r2, and ¢ operations in a disciplined 
manner, namely ~rl, ~r2, ,~, Ir~, ~r2, ,# . . . . .  

Now let s* E Pa be the process which permits all sequences o f  communications on its 
three lines ~rl, ~r2, and ~,; it is given by 

s* = [~1:(0, Ks*), ~'2: (0, Ks*), ~:(0, Ks*)~. 

We would expect that in general 

(qlsem(m))\S ~ (qls*)\S when m < n, 

but that 

(qlsem(n))\S = (qls*)\S. 

We have not attempted a proof of  this. 
(4) Queues. Let Z* be the flat domain of  fimte sequences of  (defmed) integers, with 

±z. adjoined. We assume the funcuons 

¢'-", :Z* × Z ~ Z* (add new last element), 
:Z × Z* ~ Z* (add new first element) 

to be strict. We use ~ to stand for the empty sequence. 
An initially empty queue, which accepts elements at port a and yields them up at port 

7, is queue(G): {7, a), where queue:Z* ~ P(~,,) is given by 

queue(G) = [a:(O, hz.queue( ~c"", z) ) ], 
queue( z / " ~  s) -- [ a : (0,)~z'.queue(z/"'~s ~""z ' )  ) , ~ : ( z, K ( queue( s) ) ) ~ , 
queue(J.) ffi .1.. 

Now a simple theorem about queues, or buffers (of unbounded capacity) as they may 
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equally be called, is that the serial composition of two buffers behaves exactly as a single 
buffer. We state the theorem and outline its proof, even though it is straightforward, both 
as an illustration of the flow operations and to emphasize that if two agents have the same 
behavior it means that their meanings (processes) are identical. 

First, let us abbreviate queue(s)[7'/7, a ' / a ]  by queue(s)[T', a'] .  
THEOREM. 

queue(s2)[7, #]llqueue( sO[fl, a] = queue(s2 ~ s])[7, a], 

where ~. is the usual concatenation of  sequences, and elements in the queues "'move'from 
right to left. 

PROOF. We require two lemmas, whose proofs we omit. 
LEMMA 1. 

queue(s2)[7,13]llqueue(z/"~sl)[ll, a] = queue(BE'-', z)[7, B]llqueue( sd[fl, a]. 

LEMMA 2. 

queue(s)[7, B]llqueue(¢)[fl, a] = queue( s)[7, a]. 

Now if s~ is undefmed the theorem is immediate. Otherwise: 

queue( s2)['t, [3][Iqueue( sa)[/3, a] = queue(s2 ~ sl)[7, B]llqueue(E)[B, a] 

by repeated use of Lemma 1 (expanding sl to z l / - ~ . . .  ~ z , , "~e ) ,  and Lemma 2 
completes the proof. [] 

(5) Card Reader. As a final example, consider a process which models a card reader. 
This example illustrates how we can model both hardware and software computing agents 
without distinction, which is what we require since we are concerned with the behavior of 
computing agents and not with their implementation. 

We model an actual card reader, the DIGITAL CRI I  which is compatible with the 
PDPI 1 system philosophy of peripheral handling via status register interrogation. This is 
described in [16], and consists of four distinct units: a status register, a data buffer register, 
the actual reading mechanism, and the card reader driver. The first three components are 
hardware, while the latter may be thought of as a program whose description is in fact 
taken from Wirth [23]. 

Each of these four components can be modeled separately to give the processes which 
appear in Figure 1. In the figure we show the components separately, in order to indicate 
their sorts, and the dotted lines show where communication occurs between them. A 

i~cLreader-device=~_ v a l ~ 1 7 = ~ ( ~  '~J=~\~2 val ~ s t e r  out_ 

// / /  up1\ x \Xx ~ S'~3 

/ % %% \ 
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\ snl ~i / i  " ' .  I " ~  sn2 sn~ 
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process which we call cardreader, a member of  Pc~a~,out,neg~, may then be constructed from 
our four components using the II combinator; thus 

cardreader = reader-devicellstatus-registerllbuffer-registerlldriver. 

Tlais process inputs cards at inc, outputs characters at out, and outputs a delimiter at neg. 
The component processes will not be defined here (they are defined in [10]), but they 

may be described informally as follows. 
(1) The status-register process represents the various conditions the hardware may be 

in; it is updated by the reader-device process using the "up 1" communication line, and by 
the driver process using the "up2" line. The driver also uses the "ask" and "ans" lines to 
interrogate the status-register, while the "snl"  line Is used by the status-register as a 
synchronization to initiate the action of  the reader-device process. 

(2) The reader-device process, once brought into action via the "snl"  line, uses the 
"upl"  line to update the status-register and input a data card on the "inc" line. Values 
representing characters belonging to the card are then output on the "val" line sequentially. 
The "sn2" line is used to synchronize the passing of  each card column to the buffer- 
register. 

(3) The buffer-register process receives column values from the reader-device on the 
"val" line. These values are passed on to the "outside world" one at a time on the "out" 
line, and this action is synchronized by the driver on line "snY'. 

(4) The driver process controls the actions of  the previous components via the synchro- 
nization lines "sn2" and "sn3" together w~th the updating of  the status-register by the 
"up2" line and its interrogation via the "ask" and "ans" lines. The driver controls when a 
new card is read by the reader-device, makes sure that the contents of  the buffer-register 
have been output before the next character is transmitted from the reader-device, and 
outputs a delimiter on the "neg" hne after a full 80 characters have been output on the 
"out" line. 

In terms of  the precise descriptions of  these components, we then have an exact definition 
of  the composite card reader process. We wish to determine whether this process represents 
the behavior that we expect a card reader to have. This e xac t e d  behavior is represented 
by an independently defined process crspec, also of sort { inc, out, neg}; 

crspec = {inc: (0, hc.send(c, 1)) ] ,  

where send E C A R D  x N ~ P r~,out,neg~ is defined recursively as follows: 

~{neg : ( -  1, K(crspec))~ i f j  = 81, 
send(c, j )  = [ ~ out: (change(cj), K(  send(c, j + 1)))] otherwise, 

where change E C O L  U M N  ~ N. Here we assume that 

V,n~ = Vn~g = Vo,t = 1, 
u ~  = C A R D ,  Un.~ = '{- l ) ,  Uou, = N = { ± u ,  O, 1 . . . .  } ,  

where C A R D  = C O L U M N  8° and COL U M N  is the domain of  encoded card columns. 
We have in fact shown in [10], by a straightforward inductive proof, that cardreader = 

crspec; that is, our composite cardreader process does indeed meet its specification. In fact, 
this proof is perhaps better regarded as a correctness proof of  the driver program. Given 
the three hardware components, the driver must control their actions in such a way that a 
card is read and a sequence of  values output together with a delimiter in a correct manner. 

5. A Weak  Powerdomain Construction 

We here summarize the important features of  a powerdomain construction essentially due 
to Smyth [20], but with a minor addition (to be precise, the addition of  the empty set). We 
state without proof the main results we shall need; they can be found for the most part m 
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the above-referenced paper (the addition of the empty set requires only manor modifica- 
tions). 

Starting with a domain D, the construction of the weak powerdomam ~(D) may be 
outlined as follows: 

(1) Form the collection ~ ( D )  of finitely generable subsets of D. A set X C D is fmitely 
generable if (a) there exists an infinite finitely branching tree T, which may contain finite 
as well as infinite paths (Smyth forbids finite paths; the only effect of including them is to 
admit O as finitely generable), whose nodes are labeled with elements of D in such a way 
that the labels of each path form a m_-chain in D, and (b) X is the set of lub's of chains 
which label the infinite paths of T. 

(2) Over ~(D) ,  define a preorder ~o as follows: 

X ~ o  X '  i f f  Vx'  ~ X' ,  3 x  ~ X.x  ~ x'. 

(3) Defme the equivalence =0 over ~ ( D )  by 

X =o X' / f f  X Go X' and X' ~o X. 

We then have a domain (~'o(D), =_) = (~(D)/=0, ~o/=o); that is, ~o(D) is the quotient of 
~ ( D )  by the equivalence =0. In fact the (equivalence classes containing) finite sets of 
isolated elements turn out to be exactly the isolated elements of ~0(D). 

Now for the sake of concreteness we choose a canonical member of each =o equivalence 
class in ~'o(D) as follows: Define, for each X E ~0(D), its right closure 

A ~ ( X )  = {y  ~ D; 3 x  ~ X.x  =_ y}.  

It is clear that Aft(X) =o X and that X =o Y i f f A T ( X )  = AT(Y); moreover, X ~o Y iff 
AcT(X) _~ AT(Y). In conclusion, we may regard ~0(D) as the collection of right-closed 
finitely generable sets under the superset ordering (X =_ X'  iff X _~ X'). 

We shall choose ~o(D), so regarded, as our ~(D). Plotkin's (strong) powerdomain 
~m(D) is constructed with a stronger preorder ~g, which causes fewer sets to be identified 
under the reduced equivalence --~M. However, it is not so simply amenable to inclusion of 
the empty set; how to include O in 6~rM(D) is still an open problem. We would have wished 
our results on processes to pertain equally well using ~M(D), but the addition of O together 
with the superset orderingmakes ~o(D) comparatively easy to handle, and we believe that 
for many applications ~o(D) may be adequate. 

Intuitively, the loss of information by identification of elements in ,.~0(D) has two 
aspects. First, suppose that some X E ~o(D) contains -I-D as an element; then it follows 
that X =0 {-LD}, the minimum element of ~0(D). This means that any nondetermmistic 
program which may fail to terminate is as bad as one which never terminates. Second, 
since ~ E ~o(D) can be argued to correspond to deadlock, and since X U O = X, our 
model is insensitive to the possibility that a nondeterministic program may deadlock 
(though we can demonstrate that it must deadlock if it denotes ~ in a suitable domain). 
We should emphasize that this insensitivity is particular to our present model; we are 
studying other interpretations of nets in which possible but not inevitable deadlock can 
indeed be represented faithfully. 

We now collect together the properties of ~(D) that we need. 
PROPOSITION. In weak powerdomains: 
(1) X_= X '  ~ X ~  X' .  
(2) D is minimum, 0 ts maximum, in ~(D) .  
(3) The functions U and f3 are continuous; in fact  

X A  Y =  X U  Y, X U  Y - -  X n  Y. 

(4) For any directed set S o f  sets, S C ~(D) ,  [__3S = ["IS. 
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(5) Function extension. I f  f 6 D ~ E is continuous, then so i s l e  ~ ( D )  ~ ~ ( E ) ,  
wheref (X)  = ~2<¢{f(x); x e X}. 

(6) Big union. The function U : ~ ( ~ ( D ) )  ~ ~(D)  is continuous. 
(7) Singleton. The function ~-~ E D ~ ~ (D)  is continuous, where [x] = ~T{x} .  
(8) RestricUon. The funcnon \ 6 ~ (D)  x (D --. 2) ~ ~(D)  is continuous, where 2 is 

{_L, T} with .1_ c T, and 

X \ f  = ~ T { x  e X; f ( x )  = ±}. 

OtrrUNE OF PROOFS AND REMARKS. We omit proofs of  (1)-(5); they are routine m the 
light of  Smyth's work. 

For (6), note that as each X E S is right-closed (since X E ~(D)),  U S  ,s automatically 
right-closed. A simple argument, via generating trees, shows that U S  is also finitely 
generable, hence in ~(D); the proof of  continuity of  U is then straightforward. 

For (7), merely note that Ix ]  is not of  course a singleton set m general; in particular 
[-Lo] = D = ±~Im~. 

The purpose of  (8), the function \ ,  is to provide a basis in terms of  which to define the 
set forming construct 

which has already been used informally. Intuitively, X \ f  is the result of  first filtering out 
all x e X such tha t f (x )  = T, then applying right closure. \ is easily shown to be monotonic 
in each argument. For continuity, it is sufficient to show that the corresponding function 
without the right closure operation is continuous over the preorder ( ~ ( ~ ) ,  C_0); that is, for 

\ E ~(D) X (D --* 2) --~ ~(D), 

where X \ f =  (x  e X ; f ( x )  = .L}, we require continuity i n f a n d  in X. The former is rather 
easy. For the latter, we first fixfl then proceed in outline as follows (but the reader should 
refer to [201 to fill in the gaps). 

It is enough to show that if X has a generating tree T whose levels are the finite sets of  
finite elements {E,; t _> 0}, then the filtered sets E , \ f  are the levels of  a generating tree, 
which we may call T \ f ,  which generates X \ f .  The details of  this are routine. []  

We now justify certain more or less abbreviative uses of  [ ...... ; ...... ] to form sets. 
COROLLARY 1. Let X e ~(D),  p 6 D ~ T, h e D ~ E. Then the set 

[h(x); p(x), x E X] E ~ ( E )  

varies continuously in h, p, and X, when interpreted as 

~W{h(x); x E X, p(x) ~ true}. 

PROOF. It is just h(X\(Xx.p(x)---~ ±, -F)). [] 
Our mam concern in this paper is with certain functions from ~(D)  to ~(E) ,  where D 

= ~x~Dx and E = ~,~_ME,, which can be informally described as follows: For any X e 
~(D)  form Y E ~ ( E )  by first rejecting all the members of  some summands, then applying 
certain functions to the remaining elements and performing right closure. 

COROLLARY 2. Let D = ~xeLDx, E = ~,eME,, with L and M finite. Let X e ~ (D)  and 
g~ e D~ ~ E~ for  each v E N _C L U M. Then the set 

[g:g~(d); ~ e N, v:d e X] E ~ ( E )  

varies continuously in each g, and in X, when interpreted as 

~ ( ( v :g~(d ) ;  v e  N, p : d e  X}  U (±E; ± D E  X)).  

PROOF. It is a t'mite union of  sets, typically 

[h~(x); p~(x), x e X] (interpreted as m Corollary 1) 
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f t rue  if  x = v:d, 
p~(x)=~false if  x = ~ : d ,  ~ v ,  

t.j_ if  x -- 1,  

f 

= Jv:g.(d) if x = v:d, hv(x) 
t± if  x=~:d ,  ~ v o r i f x = . l . .  

The rest follows by Corollary 1 and the continuity of  U. []  
For  the remainder of  the paper we shall normally use ~ ...... ; ...... ] in the form introduced 

in Corollary 2, with that interpretation. Sometimes we use a mdd generalization, such as 
a set depending on two set parameters rather than one. 

The main points to bear in mind with this construct are simply that It denotes a n g h t  
closure, and that it denotes I whenever the set parameter  is _1_ (i.e. it is strict m the set 
parameter).  Otherwise it can be treated just  as { ...... ; ...... }. 

6. Flowgraphs and Flow Algebras 

As promised in an earher section, we now discuss more preosely  the notion offlowgraph 
or net (we will use these terms indiscriminately). We have already used examples of  nets 
informally to explain our process operations. What  will emerge is that in a preose sense 
nets are a suitable programming language for processes, just as conventional flowcharts 
are a suitable language to describe serial computation. This analogy can be pursued 
further. Many conventional languages are in part a way of  describing f lowcharts--and 
indeed the same flowchart may be described by more than one program; in the same way 
we shall find that the same flowgraph may be described by more than oneflow expression. 

In serial programming we have become accustomed to ignoring the flowchart as an 
intermediary between a program and its semantics; this is justified partly by the fact that 
programs which use procedures (perhaps with recursion) are not readily charted, and 
partly by the fact that serial programs are often readily intelligible in themselves. It is 
likely that a programming language for concurrent computation will also contain features 
which are not readdy translatable into nets, but we beheve that for the subset of  programs 
which are so translatable the concept of  net is of  great importance to the understanding of  
the program. 

Consider in this context the language MODULA of  Wirth [23], which Is an experiment in 
language design for modular  multiprogramming. The execution of  a MODULA program 
can be divided into two phases. In the first phase what we could call a net is established; 
roughly, its nodes are described by modules, and their connection by interface modules. In 
the second phase, the processes denoted by the modules communicate via these connections; 
the net remains fixed. 

In describing the action of  such programs, Wirth (among others) finds it convenient to 
diagram his nets; it appears that however well structured our "mult lprogram" is, the 
d iagram--e i ther  drawn or imagined-- i s  almost indispensable to its understanding. So the 
formal description of  nets appears to be well motivated. We also believe that to describe 
nets as a distinguished member of  a class of  algebras which we callflow algebras promises 
to give a uniform framework within which to &scuss their semantics. What  follows is very 
much in the spirit o f  the initml algebra semantics of  Goguen, Thatcher, Wagner, and 
Wright [4]-- indeed it is a specml case. We depend heavily on the algebraic approach to 
which these authors have strongly contributed, and which perhaps originates with Burstall 
and Landin [21. 

We should also mention here an important paper of  Scott [ 18]. In that paper programs 
which can iterate or "recurse" are represented as infinite flow diagrams which may be 
described by finite expressions in a programming language; their semantics is done using 
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the fixed points of  continuous functionals. Here, we are only concerned with fimte nets, 
though an maportant extension of  our work is to consider infinite nets--corresponding to 
programs which could use an unbounded number of  processors concurrently in their 
execution. 

We will not define nets completely formally here; we refer the reader to [13] where the 
formal defmition is required for proofs. In this paper we only need to say enough to make 
it appear  reasonable to the reader that the operations over nets satisfy a simple equational 
theory. 

First, recall the notions of  name, label, and sort introduced in Section 3. In addition to 
this, we need a set r of  generators, which is partit ioned into {FL; L is a sort}. We will use 
c, d, ... to range over F; if c ~ rL  then c has sort L, and we write c'L. Generators may later 
be interpreted as processes (a basic set of  processors, from which we wish to build others), 
but here they are left uninterpreted. 

A net orflowgraph then has a set of  nodes, to each of  which is assigned a generator. Each 
node with generator c:L has one port for each member of  L. An arc may join a pair of  
ports belonging to distinct nodes. Each port may be assigned a label, in which case it is an 
outer port of  the net; otherwise it is an inner port. Besides this, if  an arc joins two ports then 
either both ports are inner, or they are both outer and have complementary labels. I f  cl, c2, 
c3 have sorts {a, ~}, {y, 8, ~}, {a, fl, 7} then this Is a net: 

Here we have represented the bijection between the ports of  a node and the sort of its 
generator by assummg some arbitrary ordering of  labels and drawing the ports from left 
to right respecting this order, but note that the label of  an outer port m the net need not be 
the label in the generator sort to which the port corresponds. 

We are not interested in all nets, but only those which may be budt from the generators 
by the operations (to be defined now over nets, not processes) of  composition, restriction, 
and relabeling. First then, there is a natural injection To from generators into nets, under 
which for example c3: {a, fl, ~,} becomes the net 

n0(c3) 

[3 
which we also denote by ca. Now in general the sort L of a net g is the set of  labels on its 
outer ports, and we write g:L. Let GL be the set of  generable nets of  sort L. 

(i) Net Composition. If  g:L and g':L', the composite net glg':L U L' is formed by 
joining every outer port m g to every outer port of g '  whose label complements that of  g. 
Thus for cl, c2 with the sorts above mentioned, cl 1c2: {a, y, ~, 8, ~} is the net 

5 
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(ii) Net Restriction. I fg :L ,  the a-restricted net g\a:L  - {a, &) is formed by dropping 
the labels a and & from outer ports of  g. 

(m) Net Relabeling. I f g : L  and S:L ~ M is a relabehng (as defined in Section 3), then 
g[S] is formed by replacing every label # in g by S(#). Continuing the example, the three- 
node net first illustrated is then 

((C1 I C2)[~/~]\~ I C3[ E//a' ~//~t])\ E" 

We have thus simultaneously defined the net operations and the sets GL of  generable 
nets. A characterization of  the generable nets is given in [13] and we do not consider it 
here. But note that (as we said In Section 3, concerning processes) the same net may be 
built in many ways. What are the different ways? That is, considering the sorted algebra 
G of  generable nets, with phyla GL and operations 

I E GL X GL' ~ GLUL' (an operation for each pair L, L '  of  sorts), 
\ a  ~ GL ~ GL-t~,~} (an operation for each sort L and name a), 
IS] E GL ~ GStL) (an operation for each sort L and relabeling S), 

which derived operations are equivalent? 
PROPOSITION. The followmg identtttes hoM over nets, where we assume x,:L, are arbitrary 

nets, a and fl arbitrary names, and R and S arbitrary relabehngs. 

LAWS OF COMPOSITION. 
(Cl) x~lx2 = xzlx~. 
(C2) Xll(X21X3) = (x, Ix2) lx3. 
LAWS OF RESTRICTION 
(RI) x l \a  = xl when a, & qi L1. 
(R2) Xl\O/\fl = X l \ Z \ a .  
(R3) (x, lx2)\a = (x, \a)l(x2\a)  when a, & ¢~ L, n £2. 
LAWS OF RELABELING 
(Sl)  xl[ ] = xl ([ ] is the identity relabehng). 
($2) x,[R][S] = x ,[S o R]. 
($3) xl\a[R] ---- xl[R U ~/a]\f l  when a E L i  U l~q, name(h) = fl q~ names(RanR). 
($4) (x, lx2)[R] = x ,[R ~ L,]Ix2[R ~ L2] 

It is a routine but tedious matter to verify these laws from a formal definition of  nets. 
What is their importance? First, they are simple. Second, as is shown in [13], they allow 
any net expression, i.e. application of  a denved operation to generators, to be expressed in 
a normal form in which all relabelings are innermost and all restrictions are outermost; 
that is, any generable net can be expressed m the form 

(c,[S,] I . . - Ic , [S, ] ) \a ,  ... \ ,~. 

Third and most important, the laws are complete for generable nets; any two net expressions 
which denote the same net can be proved equal by the laws. To see the full consequence 
of  this fact, we need to define the notion of  aflow algebra, or a A-flow algebra If we wish 
to make the set A of  names explicit. 

A A-flow algebra B consists of  a phylum (set) BL for each sort L, a binary operation 
It~,M E BL × BM ---} BLuM for each pair of  sorts L and M, a unar,j operatmn \~a ~ BL ---> 
BL-{,.~} for each sort L and name a, and a unary operation [S]f:BL ---} BM for each pair 
of  sorts L and M and relabeling S:L ~ M, such that the nine laws hold (where the superfix 
B and sort suffices L, M .... should stnctly be supphed on each operation symbol). The 
completeness of  the laws, which is shown in [13], then has the consequence that the flow 
algebra G of  nets is free over F in the category of  flow algebras, in which the morphlsms 
are homomorphisms. This means that for any flow algebra B and sorted map ~/:I" ---} B, 
there is a unique homomorphism q~:G ---} B for which the diagram 
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commutes (recall that 7/0 is the injection of  generators into nets). So if for example the 
generator c, is given meaning b, ffi ~(c,) in B, then the net (c~ [GC2)[fl/v]G Is given, wa ,/,, the 
unique meaning (b~ Inb2)[fl/y] n in B. 

Thus any algebra B of  the same signature as G--that  is, sorted on fimte subsets of A and 
having operations [, \a ,  and [S] at appropriate sorts--will be a suitable semanucs for nets 
if we can show that it is a flow algebra, i.e. that it sattsfies our laws, which we call the Laws 
of  Flow. There are many flow algebras, but here we wish of  course to show that processes 
(whose operations we have already given) constitute a flow algebra; thts is the subject of  
Section 7. 

7. Processes Are a Flow Algebra 

The phyla PL of the algebra P of  processes were gwen m Secuon 3. We give an outline of  
the verification of  the laws of  flow, in which of  course the superfix P should be understood 
on each operation symbol. The assooativity of  composition (C2) is the only nontrivlal 
proof; a detailed case analysis is required, and may be found m full in the techmcal report 
[11], but here we shall just enumerate the cases and treat one of  them in detail. 

LAW (Cl). pllp2 =p2lpl. 
Define [l byp[Rp, = p,[p. We reqmre that [g ffi [. Now by routine mampulaUon we can 

show that [R satisfies the defimng equation for 1, whence [ =_ [R. It follows thatpl [p2 =-p2[p~, 
and by symmetry (C l) is established. 

For the next law we need two simple lemmas (proofs omitted). 
LEMMA 1 (strictness of  I). ±IP = P [ ±  = .1_. 
LEMMA 2. pllp2 = & ~p~l(P2lp3) = &. 
In what follows, we use the notation [, for the ith truncauon of  the function [. Thus if 
is the functional (given implicitly by eq. (4) in Section 3) whose least fixed point is 1, 

then 10 ffi _1., 1,+1 = ~(1,), and[  = i_l,(I, ). 
LAW (C2). pl(qlr) = (plq)lr. 
We show that 

a n d  

To prove (1), show Vi, j, p, q, r, 

pl(ql r) =_ (plq)l r (l) 

pl(qlr) ~_ (plq)tr. (2) 

pl,(ql,r) _= (p[q)lr (3) 

by induction on the sum of i andj .  Then (2) follows from (1) by Law (Cl). 
Basts. We prove (3) when i = 0 o r / =  0. In fact it follows immediately using [o = ± and 

Lemma 1. 
Induction Step. To prove (3) it is enough to show that 

m E ( p l q ) l r ~  m ~pl , (q l , r )  (4) 

when i, j > 0, under the inductive assumption 

Vp, q, r, plk(qlhr) =-- (plq) lr  with k + h < i + j. (5) 

That is, assume (5) and show (4) by cases. 
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Now m can arise as a member of  (Plq)  [r in three ways: 
Case 1. m E [#:(v, hx.(gxlr)); #:(v, g) Eplq]. 
Case 2. m E [#:(v, hx.((plq)lgx)); It:<v, g) ~ r]. 
Case 3. m E gv'lg'v, where #'<v, g) E plq and ~:(v', g ' )  E r. 
Considering case l, #: (v, g) ~ p[q can arise also m three ways: 
Case 1.1. 3 #:(u , f )  E p  such that #:(v, g) ~_ #:(u, %x ( fx lq) )  
Case 1.2. 3 # : (u , f )  E q such that #:(v, g) ~_ It:(u, ~x.(plfx)) .  
Case 1.3. 3 ~,:(u,f) ~ p ,  b : (u ' , f ' )  E q such that #:(v, g) ~fu'lf 'u. 
Now let us treat only the last subcase in detail. From b: (u ' , f ' )  ~ q we have 

~:(u', hx.(f'xl,-lr)> ~ ql,r, 

whence, from p: (u,f)  E p, it follows that 

fu'l,-m(f' ub-~r) ~ pl,(qbr). 

But by our induction hypothesis (5), and recalling that C equals ~_, we know that 

(fu'lf'u)lr ~ fu'l,-i(f'ub-,r). 
However, since It: (v, g) E fu ' l f 'u ,  we have 

It:(v, Lx.(gxlr) ) E ( fu ' l f"  u)l r, 

and we use the two preceding set inclusions, together with the assumption of  case 1, to 
deduce that m ~ pl,(qbr) as required. (The right closure of  sets is also needed in this last 
deduction.) 

We chose case 1.3 as an fllustratmn of  the proof method since it makes important use of  
the correspondence between the order relation ~ and set theoretic inclusmn in the weak 
powerdomam. 

LAW (RI). p\a  =p  when a, & ~ L, p E PL. 
p \a  =_ p may be proved by inducuon on the truncatmns \,a. For the other half, we prove 

p \a  ~_ proc,(p) by induction, where proc = I...I, proc, as defined in Section 3, eq. (2), is the 
identity funcUon. 

LAW (R2). p\a~fl = p\f l \a.  
Induction on the truncations \ ,a or \ , f l  suffices. 
LAw (R3). (pl]p2)\a = (p~\a)l(p2\a) when a, & E L~ N L2, p, EPL~ , p2 E PLy. 
Again, induction on the truncations \ ,a or l, suffices. 
LAWS (S1)-($4). All these laws may be proved by inductions similar to those for Laws 

(RI)-(R3). 

8. Directions for Further Study 

We have developed one flow algebra in some detail to support our belief that the concept 
of  flow algebra, and in particular the algebra of  processes, will be useful m the study of  
communication among computing agents and in the formation of  a theory of  such 
communications. Further investigation is needed to discover whether processes provide a 
tractable model of  such agents as operating systems and computer networks, and to 
compare processes with other flow algebras in this and other respects. In particular we 
need to know what properties of  concurrency are modeled more faithfully in one algebra 
than in another, and what proof techmques are available in each algebra. 

We already know of  the existence of  other flow algebras; in one the objects are a kind 
of  automaton, m another they are a kind of  execution tree, and a third involves processes 
using the stronger form of  powerdomain due to Plotkin. We must therefore examine the 
morphisms that exist among these algebras, particularly to determine which features of  
concurrency are preserved by the morphisms, and which are lost. 

In our Introduction we suggested that the algebra of  nets, i.e. flow algebra, could form 
a subset of  future programming languages for concurrency. We would like to justify this 
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sugges t ion  b y  des ign ing  a very  s imple  p r o g r a m m i n g  language ,  inc lud ing  as l i t t le as possible  
b e y o n d  the  f low opera t ions ,  wh ich  will serve as a canon ica l  p r o g r a m m i n g  l anguage  for  
c o n c u r r e n c y - - m u c h  in  the  same way tha t  recurs ion  equat ions ,  wi th  a few pr imi t ive  
opera t ions  (e.g. the  cond i t i ona l  funct ion) ,  m a y  be  r ega rded  as canon ica l  for  sequen t ia l  
p r o g r a m m i n g .  A t  p resen t  it is no t  c lear  w h a t  is r equ i red  b e y o n d  the  f low operaUons;  a 
sat isfactory so lu t ion  to th is  p r o b l e m  will, in  ou r  view, yield a s t rong j u s t i f i c auon  for  the  
p resen t  work.  
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